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Abstract—The growing volume of information poses interesting Features
challenges and calls for tools that discover properties of data. Data No. F1 F2 F3 F4 D
mining has emerged as a discipline that contributes tools for data 110111012} Low
analysis, discovery of new knowledge, and autonomous decision- 2 11]1]012]| High
making. In this paper, the basic concepts of rough set theory and 310/0/0]1] Low
other aspects of data mining are introduced. The rough set theory 4 10]1[1]90|Medium
offers a viable approach for extraction of decision rules from data 510]0|1]3] Low

sets. The extracted rules can be used for making predictions in

the semiconductor industry and other applications. This contrasts Fig. 1. Data set.

other approaches such as regression analysis and neural networks

where a single model is built. One of the goals of data mining is

to extract meaningful knowledge. The power, generality, accuracy,  One of the new data mining theories is the rough set theory
and longevity of decision rules can be increased by the application [1] that can be used for

of concepts from systems engineering and evolutionary computa-

tion introduced in this paper. A new rule-structuring algorithm is a) reduction of data sets;
proposed. The concepts presented in the paper are illustrated with ~ b) finding hidden data patterns;
examples. ¢) generation of decision rules.

Index Terms—Data mining, decision making, evolutionary com-  The rough set theory algorithms used in this paper fall into a
putation, knowledge discovery, knowledge structuring, rough set broad area of machine learning. Langley and Simon [2] grouped

theory, semiconductor manufacturing. machine learning research into the following categories:
a) neural networks;
I. INTRODUCTION b) genetic algorithms;

ATA mining is an emerging area of computational intel- ©) case_-base(_j Igarnmg;
d) rule induction;

ligence that offers new theories, techniques, and tools for . .
. . . e) analytical learning.
processing large volumes of data. It has gained considerable a h or devel tsinl . d data mini
tention among practitioners and researchers as evidenced by the. € f;f’f\JO;h eved(_;p(rjnenls n ear2n|ng4an 5 a a;n;rrl]mgbareksgm-
number of publications, conferences, and application repo arized in the edited volumes [2], [4], [5], an € DooX Dy

The growing volume of data that is available in a digital form ha[ itchell [6]. For a survey of important applications of machine

accelerated this interest. Data mining relates to other areas, figrning see [2]. Other related topics include nonparametric re-

cluding machine learning, cluster analysis, regression analy gession, which is discussed in [7] and [8] and reinforcement

and neural networks. However, there are fundamental diff ?_airnlggtcovered n [QL' ta mini ft ducts h b
ences between the two approaches and data mining. Both ne r;—P ate, numerous data mining software prooucts nave been
%vgloped, e.g., Clementine, CHAID, DatalLogic, DataQuest,

network and regression approaches create one model based 3n
W 9 I PP &taScope, GOLDMINE, JMP, and PolyAnalyst. The rule ex-

training data set. This model normally uses a predetermined . : . : S .
of features. A machine learning algorithm of data mining gene action concgpt, pe|ng the basis of this paper, is illustrated in
ates a number of models (usually in the form of decision rule e next section with an example.

capturing relationships between the input features and the deci-

sion. In an extreme case, the set of features inclu_deq in each rule Il. RULE EXTRACTION

could be independent from all other rules, which is similar to the

result produced by cluster analysis. Neural network and regresThe content of large-scale data sets containing numerical and
sion models can be viewed as “population based” as a singkgtegorical information can not be easily interpreted unless the
model is formed for the entire population (training data setijpformation is transformed into a form that can be understood
while the data mining approach follows an “individual (data oy human users. The rule extraction algorithms are designed to
ject) based” paradigm. The “population based” tools determifgentify patterns in such data sets and express them as decision
features that are common to a population (training data set). Thuées. The rule extraction concept is illustrated in Example 1.
models (rules) created by data mining are explicit.

Manuscript received October 31, 2000; revised March 23, 2001. A. Example 1

The author is with the Department of Industrial Engineering, Intelligent Sys- . . . L .
tems Laboratory, University of lowa, lowa City, IA 52242-1527 USA. Consider the data set in Fig. 1 with five objects, four features

Publisher Item Identifier S 1521-334X(01)04697-3. F1-F4, and the decision (outcom®)

1521-334X/01$10.00 © 2001 IEEE



KUSIASK: ROUGH SET THEORY 45

Rulel. IF (F2 = 0) THEN (D = Low); [2, 66.67%, 100%][3, 5]
Rule2. IF (F1 = 0) AND (F4 = High) THEN (D = 0); [1, 33.33%, 100.00%] [1]
Rule3. IF (F4 = 0) THEN (D = Medium); [1, 100%, 100%] (4]
Rule4. IF (F1 = 1) THEN (D = High); [1, 100%, 100%] [2]
Fig. 2. Decision rules extracted with a rough set algorithm.
Features associated with the four rules and decisions are mutually exclu-
No. F1 F2 F3 F4 D sive

01 Low k Rule 1

i 8 g 1 To 1 Rule 1 The structure in the matrix of Fig. 7 is more co_mplt_ax as the

' same features and their values are associated with different de-
bpoptyo 2 Low Rule 2 cisions. A decision-maker prefers to deal with the structure in
410111150 M;(,h‘lllm iu;ei Fig. 6 rather than the structure in Fig. 7 due to the association
2[L[tjogz2 '€ e of a unique set of features with a decision value. The term sup-

port used in Figs. 6 and 7 is defined under rule support in the
Appendix.

The structure in the matrix of Fig. 7 is more complex as the

The features denote process parameters (e.g., temperalgige features and their values are associated with different de-
pressure) and the decision is the component performdnee, cisions. A decision-maker prefers to deal with the structure in

{high, medium, low. _ Fig. 6 rather than the structure in Fig. 7 due to the association
A rule extraction algorithm transforms the data set of Fig. ds 5 unique set of features with a decision value. The term sup-

into the decision rules of Fig. 2. The two sets of numbersdt!ibrt used in Figs. 6 and 7 is defined under rule support in the
square brackets behind each rule describe its properties andg{gendix.

Fig. 3. Patterns corresponding to the rules of Fig. 2.

defined in the Appendix. ~ Besides the two casesiillustrated in Figs. 6 and 7, other shapes
The decision rules of Fig. 2 correspond to the patterns ingjf the knowledge structure are possible, e.g., L shape, C shape.
cated by shaded cells in the matrix in Fig. 3. Exploring different knowledge structures is helpful in decision

The matrixin Fig. 3 indicates that the number of features usgghking by
to describe all objects in the data set is three, F1, F2, and F4,y yecision processes becoming transparent to the user and
The algorithm used to generate rules in Fig. 2 minimized the computing environment:
number of decision rules. The rule extraction algorithms may b) supporting data evolutio,n'
consider other criteria, including the generation of all possible ¢) increased decision accurécy'

rules. An algorithm minimizing the number of features included d) exposing missing features, which is useful in data farming
in decision rules generated the result in Fig. 4. These rules are” jiscussed in [14].

represented with the matrix in Fig. 5. The knowledge structure is largely determined by the type of

Only two features F1 and F4 are used in Fig. 5 to represedfearming algorithm (e.g., entropy based) and learning criteria
the five objects. In this case each rule describes one object. e.g., minimization of the number of rules). A learning algo-

As illustrated in Figs. 3 and 5, the patterns corresponding tghm may produce more than one rule for the same decision
f{he rules e_xtrac_ted by the learning algorithms vary in shape}j e In addition, more than one learning algorithm may be
is easy to imagine that for large data sets such patterns can,Bgq at a time, which results in multiple rules per decision value.
complex. The idea behind the research reported in this papefis complicates the knowledge structure (rule-feature matrix)
that understanding the patterns might add value to the extracigd increases computational complexity of the rule-structuring
knowledge or even enhance its quality, e.g., performance g@plem. However, the new patterns may enhance the utility of

robustness of decisions can be improved. the extracted knowledge.
The structures embedded in the rule-feature matrices can
Ill. RULE STRUCTURING be enhanced with visualization tools, including virtual reality.

The goal of structuring decision rules is to enhance tHg1ese tools would greatly impact the quality and transparency
decision-making capability of the knowledge generated wifff decision making. The matrices play an important role in
learning algorithms. The need for knowledge structuring {§€ knowledge discovery process by fusing information from
supported by the notion of cognitive maps and mental modélyerse sources. . _ _
discussed in [10] and [11]. By structuring decision rules an The machine learning algorithms genera_\te rules Fhat are in
evaluation perspective is incorporated into the knowledddn Structured by the knowledge-structuring algorithm pre-
extracted from data. The idea of structured knowledge §§nt9d in Section V..ThIS algorlthm.uses the data engineering
introduced by two examples of structured matrices in Figs.R§inCiples proposed in the next section.
and 7, where rules and features have been grouped in blocks.

In the matrix of Fig. 6 the decision$—D are differentiated on
feature sets, as a unique feature set and their values are assodihe term dataengineeringintroduced inthis paperis analogous
ated with one decision. Each of the four decisions is made batedhe term genetic engineering and it has some relationship
on the values of three to four different features. The feature satith genetic programming [12] and evolutionary computation

IV. DATA ENGINEERING
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I

Rulel. IF (F4 = 1) THEN (D = Low); [1, 33.33%, 100%] [3]

Rule2. IF (F4 = 3) THEN (D Low); [1, 33.33%, 100%] [5]

Rule3. IF (F4 = 2) AND (F1 = Low) THEN (D = 0); [1, 33.33%, 100%] [1]
Rule4. IF (F4 = 0) THEN (D = Medium); {1, 100%, 100%] [4]

Rule 5. IF (F1 = 1) THEN (D = High); [1, 100%, 100%] [2]

Fig. 4. Decision rules with minimum number of features.

Features Decision  Support
No. FI F2 F3 F4 D Rule 1 | ax 2[7.7-9.1] >7] 3 no A 89 objects
1101110 2 Low Rule 1
2|1 110 2 High Rule 2 Rule 2 [1.3-17) bb 2 B 37 objects
41011 0 | Medium | Rule3
301010 i Low Rule 4 Rule3 | bz 3 di 7 yes no [<7] ¢ 81 objects
S0 |0 |1 3 Low Rule 5 Rule 4 1 yes 4 [52:56] b 45 objects

Fig. 5. Patterns corresponding to the rules from Fig. 4. . .
Fig. 7. Overlapping rule patterns.

FLE RO M FOF RIFSF8Fl2 F2F6 FII Decision  Support Source 1 Source I Source 1 Source 1 Source2 Source 2 Source 2
Rule 1 |bf 6]7.9-9.9] A 100 objects No. F1 F2 F3 F4 F5 F6 F7 D
1 1.02 Red 2.98 High 1 Yes 72 2
Rule 2 [1.3-1.7] bb 4 B 85 objects 2 2.03 Black 1.04 Low 3 No 6.1 1
3 0.99 Blue 3.04 High 1 Yes 6.9 2
Rule 3 di 7 yesno C 106 abjects 4 2.03 Blue 3.11 High 1 yes 11 2
5 0.03 Orange 0.96 Low 2 Yes 6.4 1
Rule 4 no 5[42-77] D 92 objects 6 | 004 Blue 1.04 | Medium 2 No 44 1
7 0.99 Orange 1.04 Medium 3 Yes 59 2
8 1.02 Red 0.94 Low 2 No 2.1 1

Fig. 6. Mutually exclusive rule-feature blocks.

. L . . . Fig. 8. Data set generated from two different sources.
in general [13]. Similar to the genetic engineering approachq g

that may use simple methods such as selective breeding t tep 3) Re-engineer the marked entries of the rule-feature
complicated ones such asgene cloning, dataengineering methods b engl : - entrt nu u
matrix according to the principles of Section IV.

may vary in type and scope. We have found that experimenting ) . .
with data sets from the engineering and medical domains Iead§c‘tep 4 tS_topa if a satisfactory matrix structure has been ob-
to the development of new data engineering methods. Three ained. _ ) . _
data engineering principles introduced in this paper aim toThe rule-structuring algorithm is illustrated in Example 2,

improve the quality of decisions generated from rule-featufhich includes data from two dlffe_re_nt SOUrCes. In fact, one of
the greatest advantages of data mining algorithms and the algo-

matrices. . . o L2 .
1) Merge clusters: Cluster rules with equivalent featurgathm discussed in this paper are their ablllty to consider data of
values ifferent types as well as data created at different sources.

2) Feature value replacement: Replace feature values with example 2
a value range and merge the corresponding rules with

the same decisions. d the decisiom
3) Column removal: Remove columns with entries that afdd the decisior.. . _ .
When the data from each source is considered independently,

not used by the rules. . -
The three data engineering orincioles are incoroorated igpe rough set algorithm generates the rule sets in Figs. 9 and 10.

. gineering princip . P he patterns resulting from the rule sets of Figs. 9 and 10 are
the rule-structuring algorithm that is illustrated in Example 2 of

the next section shown in Fig. 11.
' The steps of the rule-structuring algorithm are illustrated next

with the matrix of Fig. 11.
Step 1) The two features F4 and F5 are the most frequently

Consider the data in Fig. 8 for eight objects, seven features,

V. RULE-STRUCTURING ALGORITHM

The rule-structuring algorithm groups shaded entries of the used by the rules. The feature F4 is arbitrarily se-
rule-feature matrix. The features corresponding to the shaded lected among the two.
entries are callecharked features Step 2) The rules 1, 3, and 4 included in the equivalence
The steps of the rule-structuring algorithm are outlined next. class F1= High are clustered (see Fig. 12).
Step 1) Select from the rule-feature matrix a marked feature The rules 2, 5, and 8 in the equivalence class F4
with the maximum equivalence class. Break a tie = Low are clustered (see Fig. 12).
arbitrarily. Step 3) Applying the data engineering principles of Sec-
Step 2) Cluster the rules within each equivalence class (for tion 1V to the matrix of Fig. 12 results in the matrix

review of clustering algorithms see [14]). in Fig. 13.
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Rule S1-1. IF (F4 = Low) THEN (D = 1); [3, 75%, 100%]I[2, 5, 8]

Rule S1-2. IF (F1 in [0.035, 0.515]) THEN (D = 1); [1, 25%, 100%] [6]
Rule S1-3. IF (F4 = High) THEN (D = 2); [3, 75%, 100%][1, 3, 4]

Rule S1-4. IF (F1 in [0.515, 1.005]) THEN (D = 2); [2, 50%, 100%]I[3,7]

Fig. 9. Decision rules derived from Source 1 data.

Rule S2-1. IF (F5 in [1, 2]) THEN (D =
Rule S2-2. IF (F7 in [6, 6.25]) THEN (D
Rule $2-3. IF (F5 in [1, 1]) THEN (D =
Rule 82-4. IF (F7 in [5.15, 6]) THEN (D

1); [3, 75%, 100%][5, 6, 8]
= 1); [1, 25%, 100%] [2]
2); [3, 75%, 100%]1[1, 3, 4]
= 2); [1, 25%, 100%] [7]

Fig. 10. Decision rules derived from Source 2 data.

1 1.02 Red 2.98 |. High. 11 {Yes| 72 ] 2 | RuleS1-3 Rule S2-3
2 | 2.03 | Black | 1.04 Low 3 INo |61 1 | RuleSl1-1 Rule S2-2
3 0.99 Blue 3.04 . High 1 {Yes| 6.9 | 2 | Rule S1-3 Rule S2-3
4 | 2.03 Blue 311 |[+Highi | 1 |{Yes|11.0| 2 | Rule S1-3 Rule S1-4 Rule S2-3
51 0.03 |Orange| 0.96 Low |2 {Yes| 6.4 | 1 | RuleSl1-1 Rule S2-1
6 | 0.04 Blue 1.04 |Medium [-2-|No | 44 | 1 | RuleSl1-2 Rule S2-1
7 1:0:99"|Orange| 1.04 |Medium| 3 |Yes| 5.9 | 2 | Rule Si-4 Rule S2-4
8 1.02 Red 0.94 Low 2:|No| 211 1 | RuleS1-1 Rule S2-1
Fig. 11. Patterns of rules from Figs. 9 and 10.
1 |1.02] Red |2.98} High 1 |Yes| 72| 2 | RuleS1-3 Rule 52-3
3 1099 Blue |3.04{ High 1 |Yes| 6.9 | 2 | RuleSI-3 Rule $2-3
4 12.03| Blue [3.11| High 1 |Yes| 11 | 2 | RuleS1-3 Rule S1-4 Rule S2-3
2 12.03] Black {1.04| Low 3 [Nol 6.1 [-1-] Rule S1-1 Rule S2-2
5 10.03| Orange {0.96| Low | .2 |Yes| 6.4 | 1 | RuleS1-1 Rule S2-1
8 11.02] Red [094] Low [ 23(Nof21] 1 [ RuleSi-1 Rule S2-1
6 |004] Blue |1.04|Medium|.2[No| 44 | 1 | RuleS1-2 Rule S2-1
7 10.99]| Orange [ 1.04 [ Medium| 3 |Yes| 59 | 2| Rule S1-4 Rule 52-4
Fig. 12. Clustered matrix.

Fl F4 F5 F7 D DSM* DRF* (F7 = 5.9 versus F% 6.1) would result in a different decision
99-2.03] High | 1 |69-11.] 2 5 2 value (D = 1 versusD = 2). The range of the feature F7 values
099 |Medium, 3 | 59 |2 2 2 associated with the decisidh= 2 is [5.9—11.0] and it overlaps
03-1.02) Low | 2 12.1-66| 1 4 2 with the range [2.1-6.6] of F7 associated with the decidibn
203 | Low | 3 | 61 |1 2 2 = 1. On the other hand, feature F1 is dependable as the value

0.04 |Medium| 2 | 44 | 1 2 2 differentiation is relatively large (F%.99 versus F1= 0.04).

*DSM and DRF defl 1 iX.
an are defined in the Appendix VI. EVOLUTIONARY COMPUTATION IN RULE ENGINEERING

Fig. 13. Matrix transformed by the feature value replacement and column |t s important in any development effort that users have a suf-
removal principles. ficient degree of trust in a computer-generated solution. The ex-
perimental data sets are often small and incomplete thus adding

Based on the feature value replacement data engineering panether dimension to the trust development. The decision rules
ciple (#2), Rule 7 is attached to equivalence class withF-4 extracted from small data sets may be simple, often involving
High, rules 2, 4 and 7 are merged, rules 5 and 8 are also mergatk feature, and therefore may not be fully trusted by a user. To
and the value of the corresponding features are replaced with tlapture the essence of a user trust in the knowledge extracted
value ranges. The column removal principle (#3) has led to tirem a data set the term rule acceptance measure is introduced
removal of columns with unmarked features. (see the Appendix). The rule acceptance measure is a rather sub-

Fig. 13 contains very useful information for decision makingective assessment that reflects the user confidence in the ex-
It is visible that the decisions are made with a decision suppdracted rules. This is an important property of the rules extracted
measure in the range DSM 2-5 and with the decision redun-from a data set that may determine the success or failure of the
dancy factor DRF= 2, both defined in [14] and the Appendix. data mining effort.

The analysis of the result in Fig. 13 indicates that feature F7The rule acceptance measure may depend on the type of the
is not dependable as only a small differentiation in its valugata set, user’s background, culture, and so on. The rule ac-
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Rulel. IF F1 in [.99 - 2.03] AND F4 in [Medium - High] AND F5 <= 1
AND F7 about 5.9 THEN D = 2

Rule2. IF F1 <= .04 AND F4 in [Low - Medium] AND F5 in [2 - 3] AND
F7 about 6.1 THEN D = 1

Fig. 14. Compound decision rules.

Additional a) partitioning;
Information b) bootstrapping;
5 c) cross validation.
i °© The partitioning method is based on splitting the data into
1 a test set and a training set. The two separate data sets could
UCL . . e
] /“‘\ be created at the data collection phas@ijori partitioning) or
Q S AL O ° B © Mean

after the data has been collectedpsterioripartitioning) [19].

I~_° ° 7
= S LCL The classification quality derived from a single test set could
] be questioned, therefore the posteriori partitioning is repeated

numerous times. Rather than arbitrarily determining the size of
the test data set, the bootstrapping method suggests splitting the
Fig. 15. Process control chart. data set according to the following ratios, .632 for the training

K h ith th .. S gand_.368 for the test §§t._ The cross—validation method dis-
ceptance measure taken together with the decision redunda ¢ sed in [20] suggests dividing the set of all objects ntiis-

factor (DRF) and the decision support measure (DSM) all maké

a comprehensive set of metrics for measuring the quality of tt éntt grtoupd:s, ulsually of equa] S.'ZTH Otne. group/?lb?ﬁpmes a
extracted knowledge and decision making. est set an@ — 1 groups remain in the training set. This process

Based on the results shown in Fig. 13 the following two conﬁ repeated times until allk groups have been tested. When the

pound decision rules with a higher value of rule acceptance mé¥-S ofa group becomes one, the method becomes leave-one-out
sure are generated (Fig. 14). cross-validation method.

These two rules have the same classification power as the
eight rules in Figs. 9 and 10. Each of the two rules was obtained IX. CONCLUSION

by generalizing attribute values and increasing the decision re{n the paper, basic concepts of data mining and the rough set
dundancy factor. theory were discussed. The rough set theory is a viable approach
for extraction of meaningful knowledge and making predictions
VII. DATA PROCESSING for an individual data object (e.qg., fault occurrence) rather than

Data and rule engineering discussed in the earlier sectiongapopulation of objects. A rule extracted from a data set and
this paper aim at improving predictive quality of the extractele corresponding features can be considered as one of many
knowledge. Another way of impacting the quality of rules ignodels describing a data set. This property contrasts other ap-
by preprocessing the data set. Here, statistical process conr@aches such as regression analysis and neural networks where
methods are suggested. Statistical control methods are uséfgentially one model with a fixed set of features is constructed
in analyzing outcome trends and improving processes (see, frthe entire population. The existing concepts of data mining
example [15] and [16]). The essence of the relationship betwetfre expanded with rule structuring and data engineering. All
statistical control and data mining is captured in Fig. 15.  these concepts follow the evolutionary computation approach

The process control chart in Fig. 15 divides the outconftending longevity of the knowledge.
population into three regions, U (upper), N (nominal), and L The patterns formed by the rules extracted with rough set al-
(lower). The information analyzed with the SPC approach @0rithms differ from the patterns generated by algorithms of
typically numerical and no direct relationship is captured b&ther types, e.g., decision tree algorithms. The limited overlap
tween these three regions and the features. The rules extra@@@ng features included in the rough set rules make them suit-
from a data set decompose the outcomes into numerous regiGi¥€ for forming meta-structures of interest to semiconductor
for exampleA—F in Fig. 15. Treating the data in regiodsand ~@pplications. A new rule-structuring algorithm introduced in the
B differently those of the region§—F might be beneficial, Paper forms these meta-stuctures. This algorithm enhances the
e.g., large-scale training data set could be naturally broken intdlity of the extracted knowledge, allows for transparent knowl-
smaller sets or extracting rules from the areas3, C—D, and edge analysis, and leads to informed decision making. The al-

Outcome

Object number

E—F might enhance their predictive power [17]. gorithm was illustrated with a numerical example. The struc-
tures derived by the rule-structuring algorithm can be further
VII. T ESTING KNOWLEDGE ACCURACY enhanced with visualization tools.

Users of the knowledge extracted from a training data set are
interested in the accuracy of predictions that can be made based
on this knowledge. The methods used to determine classifica-
tion quality of a rule set are divided in the following three cat- Therough set theorys based on the assumption that data and
egories [18]: information is associated with every object of the universe of

APPENDIX
ROUGH SET THEORY BACKGROUND AND DEFINITIONS
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discourse [21]. Objects described by the same properly selected Staniard Resu_"
information (referred in this paper as features) are indiscernible.
The adjective “properly” is of key importance, as the algo-

rithms presented in this paper will select a subset of all features § + A B
necessary to characterize a category of objects. &

A reductis a minimal sufficient subset of features REDA 5
such that (Shaet al.[22] after Pawlak [21]): “_ C D

a) R(RED)= R(A), i.e., RED produces the same classifica-
tion of objects as the collectiaa of all features;

b) for any featuref € RED,R(RED— {f}) # R(A),i.e.,a
reduct is a minimal subset with respect to the property a); Features

Coreis the collection of features appearing in all reducts and No. FI F2 F3 F4 D

Fig. 16. Classification quadrant.

is computed as the product of all reducts. 110|171 |Yes|2]|0
Pawlak [1] introduced the concept of lower and upper approx- 21010 Yes|3]|1
imations, which are useful for measuring of the quality and ac- 311 INol2] 2
curacy of classification. Denotg a finite set of objects as a 4t0lolNoll]oO
finite set of features, and Iét C Q@ andY C U. 51701 1lves|o]o0
TheP-lower approximatiomf Y, denoted ag’Y’, is the set of 610 0 [Nol1]2

all elements of/, which can be certainly classified as elements
of Y based on the set of featur&s Fig. 17 Six object data set.

The P-upper approximationf Y, denoted ag’Y, is the set
of elements of/, which can be possibly classified as elements Rule lengths the number of elementary condition elements

of Y based on the set of featur&s in the rule.
The two definitions are expressed formally as Rule strengtlis the number of objects in the data set that have
the property described by the conditions and the decision of the
PY = | JX{X e PrandX C Y} rule.
. Exact rule= an outcome corresponds to one or more different
PY = | JX{X e PrandX NY # 0} conditions.

Approximate rule= the same condition corresponds to more
whereP* is the family of all equivalence classes of indiscernithan one outcome. Note that exact rules are generated for the set
bility relation " on the set/. Two objectsz andy are indis- of objects in the lower approximation, while approximate rules
cernible on the set of featurés(xP"y) if r(x, ¢) = 7(y,q) for  are generated for the boundary.

everyq € P. Rule supports the number of all objects in the data set that
Equivalence classsexf P are calledP-elementary sets in have the property described by the conditions of the rule.

the set of objects (data set). Rule coveageis the proportion of the objects in the training
Atomsare the)-elementary sets of objects. set that are identifiable by this rule.

Approximation accuracyAA) of a data set is the ratio of the  Both rule coverage and rule support are estimators of the con-
total lower approximation for all decision classes and the totgitional probability.

upper approximation for all decision classes. Rule acceptancis a subjective measure that reflects the user
Boundary approximatiofs the diffeence between the uppetonfidence in the extracted rules. Itis more general than the rule
and lower approximation. support and rule coverage. The rule acceptance measure can be

Classification accuracyCA) of a rule set is the ratio of the expressed as the number of condition terms of a rule.
number of correctly classified objects from the test set and allpiscrimination levelmeasures the level of precision with
objects in the test set [23]. _ ~which a rule represent the corresponding objects.

Classification quality(CQ) of a feature set is the ratio of The most basic definitions introduced above are illustrated
the number of objects in the lower approximation and the totgith the data set in Fig. 17 containing six objects, four features,
number of objects in the data set. and the decisio.

In some areas, e.g., medicine, a broader definition of accuracyrhe classification quality of each single feature is as follows:
is used [24]. Accuracy is defined as the total number of trueQ(F1) = .167, CQ(F2)= 0, CQ(F3)= 0, CQ(F4)= .333.

positives added to the total number of true negatives dividedr example, for feature F1 object 3 can be uniquely identified,
by the total number of patients studied [25], i.e., accuracy therefore for Fi= 1, CQ(F1)= 1/6 = .167.

(A+ D)/(A+ B+ C + D) (see Fig. 16). The classification quality of selected pairs of features is as
Based on the quadrant in Fig. 16 the following metrics afgllows: CQ(F1, F2)= .5, CQ(F2, F3)= .667. For example, for
defined in addition to accuracy [25]: the feature sefF1, F2 three objects 1, 2, and 5 can be uniquely

O  Sensitivity(true positive ratey A/(A + C). identified, therefore CQ(F1, F&} 3/6 = .5.

O  Specificity(true negative ratex D/(B + D). The classification quality of selected triple features is as fol-
O  Positive predicted value A/(A + B). lows: CQ(F1, F2, F3¥x .667, CQ(F2, F3, F4¥ .667. For ex-

O Negative predicted value D/(C + D). ample, for the feature set {F1, F2, F3} four objects 1, 2, 3, and
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Exact rules

Rulel. IF (F2 = 1) AND (F3 = Yes) THEN (D
Rule2. IF (F4 = 3) THEN (D = 1); [1, 100%,
Rule3. IF (F1 = 1) THEN (D = 2); [1, 50%,
Approximate rule

Rule4. IF (F4 = 1) THEN (D = 0) OR (D = 2)

Fig. 18. Exact and approximate rules derived from the data set in Fig. 17.

5 can be uniquely identified, therefore CQ(F1, F2, E3}/6 =
.667.

The classification quality of all features is CQ(F1, F2, F3, F4)

= .667.
Reducts{F1, F4, {F3, F4, {F3, F4
Core: {0}
The classification quality of the core: 0
Number of decision classes: 3 60, 1, 2 in Fig. 17)
Number of atoms: 5
ClassD =0
Number of objects: 3
Lower approximation: 2
Upper approximation: 4
Approximation accuracy: 0.5

ClassD =1

Number of objects: 1

Lower approximation: 1

Upper approximation: 1

Approximation accuracy: 1

ClassD =2

Number of objects: 2

Lower approximation: 1

Upper approximation: 3

Approximation accuracy: 0.333
Based on the above values for the data set in Fig. 17

O  The classification quality of all features {8 + 1 +
1)/6 = .667, and
O  Theapproximation accuracy(@+1+1)/(4+1+3) =

5.

[4]
[5]
[6]
[7]
8

[l

9]
(10]

(11]

[12]
(13]

[14]
(15]
[16]

(17]

(18]

(19]

(20]

[21]

The knowledge extracted from a data set may follow different22]
formats, with the most typical being decision tree, structured
matrix, and decision rules. A typical format of a rule extracted

from a data set is as follows:

(23]

IF (Condition) THEN (Outcome) [Rule support, Rule cov-

erage, Discrimination level] [List of supporting objects]

[24]

The following four exact and approximate rules have ex-

tracted form the set in Fig. 17.

(25]

Decision support measu(®SM) is the total number of rules
supporting a decision. It can be also expressed with the number

of objects from the training set that support the decision.

Decision redundancy fact¢DRF) is the number of mutually
exclusive feature sets associated with the same decision

Fig. 18).
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