


OUTLINE

• Introduction
• Dimension-Reduction Method
• Application to Stochastic Problems
• Numerical Examples
• Conclusions 
• Future Works



INTRODUCTION

PDF of Input

Math. Model
Fatigue/Fracture
Crashworthiness

MEMS
Microelectronics

NVH

PDF of Output

Calculate
Reliability

CDF
Second Moments

Confidence Interval
Importance Factors

Data Analysis
Statistics

Distribution

Validation
Statistics

Distribution

Probabilistic
Methods

FORM
SORM
AMV

Monte Carlo
Imp. Sampling
Dir. Simulation

Random 
Variable/
Field

Random 
Variable/
Field

The th moment  ( ) ( ) ( )l ll Y y f d
+∞ +∞

−∞ −∞
  ≡  ∫ ∫ XX x x xE

If ( ) is a response,Y Y= X

Expectation operator



INTRODUCTION

• Analytical Methods
♦ Taylor Expansion (FOSM, SOSM)
♦ Neumann Expansion
♦ Decomposition Method
♦ Polynomial Chaos Expansion
♦ Statistically Equivalent Solution
♦ Point Estimate Method
♦ Others

• Simulation Methods
♦ Direct Monte Carlo simulation
♦ Quasi-Monte Carlo simulation
♦ Importance sampling
♦ Directional simulation
♦ Others



DIMENSION-REDUCTION METHOD
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• Multi-dimensional Integration
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• Proposed Approximation
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DIMENSION-REDUCTION METHOD

• Residual Error

• I[ŷ(x)] represents reduced integration, because only N
number of  1-dimensional integrations are required, as 
opposed to one N-dimensional integration in I[y(x)]

• If partial derivatives ∂4y(0)/∂xi
2 ∂xj

2 and/or I[xi
2 xj

2] are 
negligibly small, I[ŷ(x)] provides a convenient 
approximation of I[y(x)]
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DIMENSION-REDUCTION METHOD

• Non-Symmetric Domain
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• Arbitrary Expansion Point (At x = µ)
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STOCHASTIC PROBLEMS

• Statistical Moments of Response
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Using the Dimension-Reduction method:
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STOCHASTIC PROBLEMS

• Recursive Relation

( )

( )

( )

( )

1 1 2

2 1 1 2 3
0

3 2 1 2 3 4
0

1 1 1 1
0

  , , , ; 1, ,

, , , , ; 1, ,

, , , , , ; 1, ,

, , , , , ; 1, ,

ii
N

i
i ki k

N
k

i
i ki k

N
k

i i ki k
j j j j j N

k

S Y X i l

i
S S Y X i l

k

i
S S Y X i l

k

i
S S Y X i l

k

−

=

−

=

−

− − +
=

 = µ µ = 

   = µ µ µ =    
   = µ µ µ µ =    

   = µ µ µ µ =     

∑

∑

∑

E

E

E

E

( )1 1 1
0

, , , ; 1, ,
i

i ki k
N N N N

k

i
S S Y X i l

k
−

− −
=

   = µ µ =    
∑ E



STOCHASTIC PROBLEMS

• Moment-based Quadrature Rule
Dimension-Reduction Method:

n-order Quadrature Rule:

( ) ( )1 1 1 1 1 1, , , , , , , , , , ( )
j

l l

j j j N j j j N X j jY X y x f x dx
∞

− + − +−∞
 µ µ µ µ ≡ µ µ µ µ   ∫E

( ) ( )1 1 1 , 1 1 , 1
1

, , , , , , , , , ,
nl l

j j j N j i j j i j N
i

Y X w y x− + − +
=

 µ µ µ µ ≅ µ µ µ µ   ∑E

input moment

1

, , 1 ,
1, 0

,

, , , ,
1, 1,

( ) ( ) ( 1)

( ) ( )

j

n n
k

j j k X j j j n k j ik
k k i k

j i n n

j i j k j i j k
k k i k k i

x x f x dx q
w

x x x x

−∞

− −−∞
= ≠ =

= ≠ = ≠

− − µ
= =

− −

∏ ∑∫

∏ ∏

Need to solve 
linear eqn. once



STOCHASTIC PROBLEMS

• Linear Equilibrium Equations
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EXAMPLES

• Example 1:  Mathematical Function
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EXAMPLES

• Example 2:  Stochastic Finite-Difference Analysis

L

x

Y(x)

ξ(x)

S

∆ ∆ ∆ ∆

1 2 3

L = 120 in.; ∆ = 30 in.; EI = 6.45×108 lb-in2

S → Lognormal random variable
Mean µS = 1000 lb/in; Variance = σS

2

ξ(x) → Homogeneous lognormal field
Mean µξ = 2000 lb/in2; Variance = σξ2
Exponential covariance function
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EXAMPLES
• Example 2:  Displacement Statistics
  

 
 

1st-Order 
Taylor Expansion 

 
Dimension- 

Reduction Method 

Monte Carlo 
Simulation 

(106 samples) 

(a) vξ =0.3; vS = 0.2 
Mean  
Vector 

(mY) 

0.285
0.457
0.373

 
 
 
 
 

 
0.297
0.480
0.391

 
 
 
 
 

 
0.297
0.480
0.392

 
 
 
 
 

 

Covariance 
Matrix 

(γY) 

0.0065 0.0079 0.0011
0.0106 0.0126

(sym.) 0.0206

 
 
 
  

 
0.0066 0.0113 0.0091

0.0198 0.0159
(sym.) 0.0130

 
 
 
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0.0070 0.0121 0.0096

0.0212 0.0170
(sym.) 0.0139
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 
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(b) vξ =0.6; vS = 0.2 
Mean  
Vector 

(mY) 

0.285
0.457
0.373

 
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 
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0.328
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Covariance 
Matrix 

(γY) 

0.0163 0.0157 0.0320
0.0171 0.0296

(sym.) 0.0653
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0.0163 0.0292 0.0231

0.0535 0.0428
(sym.) 0.0348
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( )ˆ1st-order Taylor:  0.69 2.25Y Y≤ σ σ ≤ ( )ˆDimension-Reduction:  0.99 1.04Y Y≤ σ σ ≤



EXAMPLES

• Example 3:  Stochastic Mesh-Free Analysis

1;  0.1;   0.5E E bµ = σ = =

Homogeneous Gaussian RF

[ ]( ) 1 ( )EE = µ + αx x

2( ) expE bLα

 
Γ = σ − 

 

x
x

 
Standard Deviation of Response  

 
Location 

 
Response 
Variable 

2nd-order Neumann 
Expansion Method 

4th-order Neumann 
Expansion Method 

Dimension 
Reduction Method

Monte Carlo 
(5000 samples) 

A u1 1.06×10-1 1.11×10-1 1.09×10-1 1.12×10-1 
B u1 4.36×10-1 4.60×10-1 4.52×10-1 4.61×10-1 
C u2 2.36×10-1 2.48×10-1 2.43×10-1 2.46×10-1 
D u2 1.24 1.33 1.30 1.33 

u1 5.74×10-1 5.94×10-1 5.83×10-1 5.99×10-1 E 
u2 1.30 1.37 1.35 1.38 
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EXAMPLES

• Example 3:  CPU Time
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EXAMPLES
• Example 4:  Deterministic Nonlinear FEA
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P = 40 kN
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EXAMPLES
• Example 4:  Stochastic Finite-Element Analysis

(4 Random Variables)

 
 

Statistical 
Moments 

(ml = E[Yl]) 

1st-order 
Taylor 

Expansion 
Method 

2nd-order 
Taylor 

Expansion 
Method 

 
Dimension 
Reduction 

Method 

 
 

Numerical 
Integration 

(a) σα = 0.2; P = 400 N 

m1 4.7535 4.7625 4.7626 4.7629 
m2 22.624 22.710 22.711 22.714 
m3 107.81 108.42 108.43 108.46 
m4 514.36 518.30 518.36 518.53 
m5 2457.1 2480.7 2481.1 2482.2 

(b) σα = 0.2; P = 200 N 
m1 1.6104 1.9431 1.9674 1.9742 
m2 2.8458 4.4572 4.3413 4.4791 
m3 5.3958 12.6826 10.766 11.493 
m4 10.844 46.108 29.937 32.339 
m5 22.911 212.36 92.555 96.850 

 

[ ]( ) 1 ( )   Homogeneous Gaussian RFEE = µ + αx x

2( ) exp ;   1;   0.5E b
bLα α
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Γ = σ − µ = = 
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CONCLUSIONS

• A new dimension-reduction method has been 
developed for predicting statistical moments

♦ Reduction of N-dimensional integration to 
multiple 1-dimensional integrations

♦ Moment-based quadrature rule
• The method is more accurate than 1st- and 2nd-order 

Taylor series expansion methods 
• The method is simple (does not require calculation of 

partial derivatives and inversion of random matrices)
• The accuracy of the proposed method is comparable 

to the 4th-order Neumann expansion method, but the 
proposed method is computationally far more 
efficient than Neumann expansion methods



FUTURE WORK

• Sensitivity of statistical moments w.r. t. design 
parameters (robust design)

• Development of dimension-reduction method 
for reliability analysis (failure probability)

• Potential applications in reliability-based design 
optimization


